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Arakelov Geometry is a combination of Algebraic geometry (schemes) and
Hermitian complex geometry. Its main achievement today is the proof of
the Mordell conjecture. In this paper we will introduce some tools used in
Arakelov Geometry over reduced orders. We will discuss in the first section
properties of reduced orders, and introduce Arithmetic Chow groups of
such objects (a slight refinement of the classical Chow groups in Algebraic
Geometry).

1 Orders

Through all this paper, all rings are supposed commutative with unit. In this section,
we will introduce a class of rings called Orders.

1.1 Preliminaries

Lemma 1.1. Let A, B be rings, f : A — B a ring homomorphism, b € B. The
following are equivalent:

(i) Jag,...,an € A such that

b 4 ap 10"+ ag =0

(ii) the A-sub algebra A[b] generated by b is a finitely generated A-module.

(iti) There exists a finitely generated A-submodule M = Awy + -+ - + Aw,, of B such
that 1 € M and bM C M.

Proof. We prove the following implications:
(i) = (ii): Let g € A[X] be a monic polynomial such that

g(b) =b"+ an,lb"_l +---4+a9=0 (1)
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Let M be the finitely generated A-submodule M = A+ Ab+---+ Ab"~t C A[b].
By |1| we have that b € M, multiplying by b gives b"*! € M hence inductively,
V¥ € M Vk > 1. Thus M = A[b] is finitely generated.

(if) = (iii): Choose M = A[b].
(ili) = (i): Let M be as in (4it). Let (a; ;) € M, (A) such that

n
bwi: E Ai5Wj
i=1

Let C = (bd;; — a;j) where §;; = { (1) ieflsie.:j
One has
>y bojwr = 300 arjw; awy — aw;
C-w= : — : -0
> i bongwr = 300 anjw; aw, — awy,

Crammer’s rule gives
det(C)-w=C%"Cw=0 = det(C) -wp,=0Vk>1
Hence det(C) - M = 0 and det(C) = 0 since 1 € M. Finally, consider
g9(X) = det(0;; X — a;;) € A[X]
= X"+ a1 X" 4 Fap
Then g(b) = det(C) = 0.
O

Corollary 1.2. Let R be a ring, suppose that R is a finitely generated free Z-module,
of rankn and S = {x € R, x is reqular}. Then R is integral over Z.
Moreover if K := S™'R denotes the total quotient ring of R then

K=R®;Q
Proof. By Lemma (1.1)) for a € R, Jcg, ..., c, € Z such that
a” +cp1a" 4o =0

If a € S then ¢, :  — ax is injective (Otherwise Ju,v € R,u # v and au = av =
a(u —v) = 0 which is impossible.) hence ¢y # 0 and for

b=a""'4cp 0a" P44y

One gets
ab= —co € Z\ {0}

Hence
S=7\{0} and R~ ST'R=R®;(Z\{0})'Z=Z R®,Q
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Definition 1.3. An order is a ring O that is also a finitely generated Z-module. It is
called an integral order if O is an integral domain.

Example 1.4. o q lattice A = {>_ a;x;, a; € Z} is an order.
o Z[i] = {a+1ib, a,b € Z} is an integral order.
e In general, for a number field K, the ring of integers
Ok ={z € K | x integral over Z} (2)
is an integral order (by Lemma , called the maximal order in K.
Here is an important property about special cases of orders.
Proposition 1.5. Let O be an order.

(i) O is reduced < there exists algebraic number fields K1, ..., K, and a ring ho-
momorphism ¢ : O — @, Ok,

(ii) O is normal < there exists algebraic number fields K1, ..., K, and a ring iso-
morphism ¢ : O = @7, Ok,

Before proving this proposition, we need the following lemma:
Lemma 1.6. Let O be a reduced order, K = SO its total quotient ring.
(i) K is an Artinian ring, and one has
K= @ K,
i=1
Where m; € Spec(K). Moreover, Ky, = Og, for q; =0 Nm,.

(i) Let K(C) = Hompg(K,C) and K;(C) = Homp(K;,C). For 7 € K;(C) let
7 € K(C) be given by
T(x1, ..., xn) = 7(z;)

. Then one has

]_[ K;(C) = K(C)

. In particular, #K(C) = dimg(K;).

Proof. (i) By exactness of localization, K is Noetherian. Let pq,...p, be minimal
primes of K, since K is also reduced (exactness of localization again)

n

Nil(K) = () ps = (0)

i=1
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Let p € Spec(K), be a proper prime ideal, and x € p. Then x is a zero divisor,
hence Jy # 0 such that xy = 0. In particular, xy € p; for alli =1,... n.
If ¢ p;Vi then y € (p; = (0) which is impossible. Hence 3i such that = € p;

and "
pc U pi
i=1

By the prime avoidance lemma, p C p; for some 7, thus p = p;. Hence all the p;
are maximal and as K is Noetherian, we conclude that it is Artinian.
Now, recall from Lemma 1.6 in [I] that one has the decomposition

K= é K,
=1

As O is integral and flat over Z, one has that Vq minimal prime in R, qNZ = {0}
(since Z is an integral domain) and so ¢ NS = @, thus q; = O N'm; are minimal
primes in O. Finally,

N’Ll(sz) = ﬂ p=miKn, = NZZ(K)WL = (O)Kmb = (O)
pemSpec(Kwm,)

Hence Ky,, are fields.

Let 7 € K;(C) such that 7(z1,...,2,) = 7(x;) then 7 [x,= 7 and 7(K;) = 0 for
i # j. Thus the map

', =0 ifi#j
=1 ifi=j

Il

TI—H':{

is injective. Now let e¢; = (0,...,1,...,0),0 € K(C). Since €? = e;, o(e?) =

o(e;) = o(e;) = 1 (since o(e;) can not be 0 as o(1) = 1. Thus 3¢ such that
o(e;) = 1, it is unique since for o(e;) = 1 with ¢ # j one has
0= o(eiej) = J(ei)a(ej) =1

Now let 7 =0 [k,, then T = 0.

Now we prove Proposition [L.5}

Proof proposition[I.5. (i) =) Suppose O is a reduced order.

For simplicity, we note Ky,, simply by K;. Consider the following diagram :
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Then one has an induced map I : O — @), Ok,.
Suppose

n
p(r) =0 in @Olﬂ = Ji such that ¢;(z;) =0 in Ok,
i=1

=2=0 in @Ki%K:O@)ZQ.

=1

As O is flat over Z,
0—0—=>0®,Q=K

Thus x =0 in O and ¢ is injective.

Suppose 3o : O — @, Ok, and consider the following diagram

O — @, 0k,

| !

O®ZQ:K% @?ZIK,L‘

Let € O such that 2™ = 0 for some m > 1, then z{® = 0 in K, for all
1 =1,...,n. Since K; are number fields,

Thus ¢;(z;) = 0for all i = 1,...,n and p(z) = 0 in @], Ok,. Since ¢
is injective by assumption, x must be 0 hence O has no non-zero nilpotent
elements.

Suppose O =2 @, Ok, and let qi,...,q, be minimal prime ideals of O,
then if we localise at any q;, Oq, = Ok, is integrally closed by definition of
Ok, hence O is normal.

Now suppose O is normal, and let qq, ..., q, be minimal prime ideals of O.
Recall that Oy, = K; and K = @, K;. By (i) (normal rings are reduced)
we have an injection

‘P5O‘_>éOK¢

=1

To show our isomorphism, it suffices to show that for all p € Spec(O)
©p 2 Op = (@ Ok, )p
i=1

Let p € Spec(O), as O, is an integral domain, 3!q; C p such that q is
minimal. Thus for all j # ¢

O\pNng; #0 and Vz € qj,2 =0 in Oy,
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Hence
(K;)p = {0}
And
@p 1 Op — Ok, )p

which is clearly in isomorphism since R, is an integral domain.
O

We need a little lemma in order to prove our final and main result of this section.

Lemma 1.7. Let M be a finitely generated free Z-module and let ¢ be an injective
homomorphism. Then

#(M/ sar)) = det(@)
Proof. Let {w1,...,w,} a Z-basis, ¢ € End(M) such that

$(wi) = > byw; , B=(by) € My(Z)
j=1

By the Smith normal form,
3P,Q € Gl,(Z) such that PBQ = diag(c;) := C € M, (Z)

Now let fp, fo, fc the respective endomorphisms of M given by P,Q and C, then we
have a commutative diagram

Thus

# (M/¢(M)) =# (M/fC(M) = @Z/(Cz)> =lc1...cn

i=1

= [det(fo)| = [det(fp) det(fc) det(fo)| = | det(o)]
Since ¢(w) = B - w. O

Theorem 1.8 (product formula). Let O be a reduced order, K = S™1O be its total
quotient ring. then for x € k*

M #(©4) """ I =

pemSpec(O) oceK(C)
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Proof. Suppose z is regular (z € S) then ¢, : a — ax is an injective ring homomor-
phism, and by Lemma (|1.7))

#(%/z0) = det(0,)
Let K; be number fields such that

Let © = (z1,...,x,) and
o.(a) = (z1a1,...,200,)

Let ¢; € End(K;) given by ¢;(a;) = x;a;, then
det(¢,) Hdet b;

Recall that since K; are algebraic number fields, one has that

Ni,o)(m:) =det(¢)) = ] ola)

oc€K;(C)
= |det(@s)| = ] lo(a:)]
0€K,(C)
For 7 € K;(C) we define T € K¢ such that
T(x1, ... xn) = 7(;)

Then by Lemma (1.6 (ii) one has a bijection

[[xi(@©) = K(©)
i=1
Therefore,
| det(¢,)] —Hldetdn\ —H [T @) =T] = I[ o
i=1reK;(C) i=17€K,(C) ceK(C)
Hence, one only needs to show that

#(%Lo)= TI #()"""

pemSpec(O)

Now recall that O is a 1-dimensional Noetherian ring, let p € Spec (O/x(’)) and

suppose xO C p is not minimal, i.e

2O Cp C q for some q € Spec (O/x(’))
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Then
7l p) S (a) n O, where 7:0 9/

Thus ht(7~1(p)) = 1 which contradicts the dimension of O. Hence by Krull’s principal
ideal theorem,

ht(p) =1 = dim (O/m0> =0
Thus 9 / £ s an Artinian module. In particular, it has finite support.

Let Supp (O/x(f)) ={p1,...pm} C mSpec (O/x(’)) (= Spec (O/xO) < 00). Again,

by Lemma 1.6 in [I], one has

O/ MO,
/xO:@ pl/m(’)pi
=1

In particular, there is a composite series
{0} =My G My & - & My =M

where M
v / M, , are simple Artinian Op,-modules.

Let m € Mi/M,_l, then by simplicity

0# Op,m C Mi/Ml‘A = Opim = Mi/Mi*l
Now consider
Ann (Mi/Mifl) =1 = Op, = Opm = Mi/Mi*1

at— am

Then I is maximal by simplicity (if I € a C O,, then A/I = A/a # 0 which is
impossible) thus I = p;O,, (since O, is local) and one has

M; ~ ) ~
Z/Mi—l = Or. /Pz‘@pi - O/Pi

Therefore,

#(O%)" =TT () = T (") = TG0 = 6 = 0

=1

Since ordy, (x) = lengtho, (Opi /pi@pv) = m, one finally gets

# (O/x(’)) = f[l# (O/pl) _ H 4 (O/p>0’l‘dp(:p)

pemMSpec(O)
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1.2 Modules over reduced orders

In the following, we are only interested in reduced orders, we will investigate finitely
generated O-modules, over a given reduced order O.

Definition 1.9. Let O be a reduced order. A finitely generated O-module H is said
to have pure rank r if

r =dimp, Hqy for all minimal prime ideals q
The non negative integer r is called the rank of H.
We have the following useful and characteristic proposition

Proposition 1.10. Let O be a reduced order. Then an O-module H is of pure rank
r if and only if there exist elements x1,...,x, of H such that:

1. H/(Oxl 4.\ 4 Ox,) 18 a torsion Z-module.

2. Ox1+ -+ Ox, is a free O-module of rank r.
We need the following short lemma:

Lemma 1.11. Let O be a reduced order. For a finitely generated O-module H we
have the following:

H is a torsion Z-module < H is of pure rank 0.

Proof. Suppose H is a torsion Z-module, i.e. H ®z Q = 0. Recall that since O is
integral and flat over Z, for all minimal prime q of O, qNZ = {0}. Thus we can
consider the commutative diagram

Z%Z(O):Q

[

0 — 0,

Hence

{0} = (H®zQ) ®q Oq = H @z Oy — H ®0p O
h@r—h®x

And we get
H®o0 Oq = Hq = {0}

Conversely, suppose that H has pure rank 0, and let qq, . .., g, be minimal prime ideals
of @. Then by Lemma (1.6) g, = O N m; with m; € m-Spec(K) and

K= é Oqi
=1
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One has that

H®0K2@H®o Oq; gGBHqi = {0}
i—1 i=1

On the other hand,

HooK=H®oS'O2S'H2YH®; S 'Z=H,;Q

Now let us prove Proposition |1.10

Proof proposition[I.10, Suppose H is of pure rank r > 0, and let q1, ..., q, be minimal
prime ideals of O, then as in the proof of Lemma [1.11] one has

K%éoqi and H®@K%éHi.
i=1 i=1

Let {wj,,...,w;, } be a basis of Hy, (recall that dimo, Hg, =r) and

n
wj = (Wi,,...,Wn;) € @Hq
i=1

Since H ®» K = H ®z Q, there exists a non-zero integer N and elements x1,..., 2,
of H such that
Nwj=z;®1 Vj=1,...,r

Hence

N (H/(Oﬂfl +~'~+Ozr)) = {0}

and thus H/(Oxl to+Ozy) is a torsion Z-module. In particular, one has that
rank(Oxy + -+ Ox,) =7
By Lemma ([1.11])

H i —_
qz/(Oxl + 4+ 0xr)g, — {0} for all g;

By abusive use of the exactness of the localization (which makes it commute with
direct sums and images of morphisms)

O b+ Oy = i@ Or 0,
i=1
= lm(@(0$z)q1 — Oqi)

i=1
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And again
(0z;)q, = im(O =5 0)4, 2 im(Of, =5 Oy,) = O,z
Therefore,
Hy, = 04,21+ -+ Oq, 2,
As H has pure rank r, {z1,...,z,} form a basis of H,q, and
axy+-+a,x, =0=a =---=a, in Oy, Vi
=>a=--=a in O

Thus Oz + - -- + Oz, is a free O-module of rank r.

Conversely, suppose that H /

(1.11) as done above,

(Oz1 + -+ Ox,) is a torsion Z-module, then by Lemma

Hqy, = Oqx1 + -+ Og, @y

Since {z1,...,2,} is a basis of Oz + - -+ + Oz, Hy, is a free Oy,-module of rank r
for all 4, hence H is an O-module of pure rank 7. O

Finally, we prove the following two general lemmas that will be useful in the next
talks.

Lemma 1.12. Let Q ¢ K C K’, where K,K’' are finite dimensional reduced Q-
algebras.

Recall that K(C) := Hompg(K,C), K'(C) := Hompg(K’,C).

For o € K(C) consider

K'(Cy={r€eK'(C) | 7 |[k=0}

Then for ' € K’
o (Ng/k(2')) = H (")

TEK'(C)y
Proof. Let o be an element of K(C). We proceed as follow:

case; : K’ is a number field. (So is K)

Fix 01 € K'(C), and set K1 = 01(K), Ky = 01(K’). We define K3/K;(C) to
be the set of homomorphisms from K5 to C over Ky, i.e.

K5/K1(C) :={¢ € K3(C) | ¢ |k, is the canonical inclusion}.
Then one has a bijection

K>/K1(C) 2 K'(C),

Y= T=1%o0y:
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Indeed, ¥ o o1 = 1)’ 0 o1 = 1) = 9’ since o7 is an injective ring homomorphism,
and surjectivity follows from the following: for an element y of K, there is an
element 2’ € K’ such that y = o1(2’) and so ¢¥(y) = Ypoo1(a’) € C. Now observe
that the two left and down right commutative blocks of the following diagram

give
o1 K
VAN K

K’ T C = \[ o commutes.

Ky
\:ﬂ / K —==c
Ko
Now let 2’ € K’ we have that o1(2’) € K3 and

Nmo@) = [ we@)y= J[ @)

YeKy/K1(C) TEK'(C)y
On the other hand,

Nir g (a') =det (g, : K' - K') e K
= o(Ng k(@) = det (oo, (2) : K2 — K2)
= Nk, /K, (01(2'))
= H 7(z")

TEK'(C)s

casey : K is an algebraic number field. (So K’ is a finite product of number fields.)
Let (2},...,2),) =2’ and 2’ € K’ = @, K/. By multiplicativity of the norm,

n
Niry(z') = H Ng1yk(2')
i=1

For all 7 € K[(C), we define 7 € K'(C), such that 7(z/,...,z],) = 7(z;). Then
by (??) in Lemma ?7?, one has a bijection
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Hence

TEK'(C)o 1=17€K](C)

casez : In general, K is a finite product of number fields.

let .
K= QB K;
=1

and let p; = {(x1,...,2,) € K| x; = 0} be the minimal prime ideal of K such
that Ky, = K. Let K := K;,j’ then one has

K = @K; and NK//K({E/) = (NKi/K(xll)a ce 7NK7’1/K(1'/n)) eK
j=1

Since K is reduced, then again by (??) in Lemma (??) one has a bijection
[[ i) = K(©)
i=1

Oj =0
Since Ky, = Kj, for x = (21,...,2,): o(x) = 0j(z;).
In particular,

o(Ngr/k(2") = o(Ngy/x (@), -+ Nir i (2,))) = Uj(NK]’./K(I;‘))

Moreover,
@?:1 Kj Kj
‘[ o commutes & \[ i commutes
@?:1 K g/ —C KJ/ B c
Thus

[I = II =)

TeK'(C), 7, €K/(C)
73

= aj(NK;/K(m;)) (by case 2)
= 0(Ngr /K (2"))
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O

Lemma 1.13. Let py,...,p, be distinct prime numbers and let mq, ..., m, be positive
integers. Then there is an algebraic number field K such that

O/ .Z )
[ /P ’ /(pi)} = mi
fori=1,...,n and all p € Spec(O) with pNZ = p;Z.

Proof. Let f; € Z / (»;) [X] be an irreducible monic polynomial of degree m,. Indeed,

such polynomial exists: since the multiplicative group of non-zero elements of any
finite field is cyclic; if we take K’ = ]Fp;”i and 8 be a generator of the multiplicative
group of K, by the primitive element theorem, we have that K = F, (8). In particular,
the minimal polynomial of 5 over F,,, which is irreducible, must have the same degree
as [Fp, (B) : Fp,] = [K' : F] = m,.

Now let F; € Z[X] such that F; = f;, and

Let K be the splitting field of F. Then if «; is a root of F;(X), «; € Ok since «;
is a root of F € Z[X]. Let p € Spec(Ok) lying over p;Z , and let @; be the class of

Ok Z Ox L B L
o; in /p' Then /(pz) C /p hence, as f;(@;) = 0 and f; irreducible, it is the
minimal polynomial of @; and therefore

(7% Ly %) 2 [P iy @0 B (| =

2 Chow groups

2.1 Geometric Chow groups

Definition 2.1 (Weil divisors). The group of Weil divisors (or algebraic cycles of
co-dimension 1) denoted Z*(O) is the free abelian group with basis consisting of all
maximal prime ideals of O i.e

ZN0)= @ zm

mem-Spec(O)

Elements of Z*(0), also called 1-codimensional cycles are simply formal sums
> -l
m

where ny € Z and m is a maximal ideal of O.
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Now recall that from the last section of talk 1 (proposition (4.3) or [1] p.10) that
for a maximal ideal m € m-Spec(O) the order map (defined on O \ {0}) extends to a
unique group homomorphism

ordym : K* — 7

Such that for every non-zero z = ¥ € K,

ordy(x) = lengthy (O“‘ /xOm) = ordn(y) — ordm(2)

Definition 2.2 (divisors). For any non-zero element of K we define its divisor to be

div(z) = Z ordm () [m]

meEm-Spec(O)

The order of a regular element is indeed an element of Z1(0) and the order homo-
morphism extends uniquely into a group homomorphism

div : K* — ZY(0)
(by inherited properties of the order map).

Definition 2.3 (Rational equivalence). Two cycles a, 3 of codim 1 in Z'(O) are
said to be rationally equivalent if their difference is a divisor of some non-zero reqular
element in K, i,e

a~fBea—pedivK™)

We denote B(0) := div(K*) < Z'(O) the subgroup consiting of cycles that are
rationally equivalent to 0. Then one can finally define chow groups as the following;:

Definition 2.4 (Chow groups of codim 1). We define the Chow group of codimension
1 of a reduced order O to be the group

cH' (0) =29/ 1)

To give some ground floor and motivations behind the definitions of Chow groups,
assume that O is normal and let K be its quotient field. (For example, take O, to
be the maximal order in some number field.) then Oy, is a DVR (in fact, this stands
for every height 1 prime ideal) thus any ideal a of Oy, is a power of the maximal ideal
MmOy, that is vy, (a) where vy, is the valuation on O. Moreover, vy (a) = length,, (O/a)m
induces a bijection from the group of fractional ideals of O (non-zero finitely-generated
O-submodule) to the group of cycles of codimension 1:

¢0:D(0) = ZH0)
a— Z U (a)[m]

méem-Spec(O)

Indeed, since O is a Dedekind domain, this follows from
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Proposition 2.5 ([], Ch. I, Cor. 3.9). Let O be a Dedekind domain. Every fractional
ideal a admits a unique representation as a product

a= Hp”p(a)
p

with vy(a) € Z and vy(a) = 0 for almost all p € Spec(O). In other words, D(O) is the
free Abelian group on the set of nonzero prime ideals p of O.

One can easily see that under this bijection, the image of the subgroup of principal
ideals of O is precisely B'(0). Indeed, for a non-zero z = £ € K

#(20) = ¢ (£0) = ¢(y0) - ¢(:0)
= Y eml@)m - > vn((2)m]

mem-Spec(O) méem-Spec(O)
= Z ordm(y)[m] — Z ordy(2)[m] € BY(0).
mem-Spec(O) méem-Spec(O)

Thus one has a group isomorphism
Cl(0) = CHY(0).
Where CI(O) denotes the ideal class group of O.
Remark 2.6. Any non-zero ring has a non-trivial Chow group (since any non-zero
ring has at least one mazimal ideal).

2.2 Arithmetic Chow groups

In a similar fashion, we define Arithmetic Chow groups as a generalization of geometric
Chow groups, where an “analytic” data is added.

Definition 2.7 (Arithmetic divisors). The group of arithmetic divisor (or arithmetic

cycles of co-dimension 1) denoted 21((’)) is the direct sum of the group of Weil divisors
and an R-vector space generated by K(C). i.e

Elements of 21((’)), also called 1-codimensional arithmetic cycles are pairs of the form

(Z Ny - [mL Z AU[U]>

where nm € Z, Ay € R and m € m-Spec(O).



References 17

Definition 2.8 (Arithmetic divisors). For any non-zero element of K we define its
arithmetic divisor to be

din(z) = (Z ordm () ), 3 —1og|a<m>|2[a]> e 70)

g

By a similar argument, one sees that the induced map
div: K* — Z1(0)
is a homomorphism of Abelian groups.

Definition 2.9 (Arithmetic Chow groups of codim 1). We define the arithmetic Chow
group of codimension 1 of a reduced order O to be the group

CH (0) = 21(@)/Z_m(%)

Now, for an element (D, g) € 21(0) we set

— 1
deg(D.g)= Y nmlog# (Pfm))+5 D g €R
mem-Spec(O) oceK(C)

Then for x € K*
degodiv(z) = Y ordn(@)log(# (P/)) = D loglo(a)

meEm-Spec(O) oceK(C)

=-tog| I @# (%)™ T lot@)

mem-Spec(O) c€K(C)

=0 (By the product formula in Theorem ?7)

1
Thus the map factors through CH (O) and we have

~ ey

Z10) R
A
l iy commutes.
.77 deg
CH' (0)

Exercise 2.10. Suppose O =7, K = Q. Is the d/e\g/ map an isomorphism ¢
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